Photon entanglement has a range of applications from secure communication to the tests of quantum mechanics. Utilizing optical nonlinearity for the generation of entangled photons remains the most widely used approach due to its quality and simplicity. The on-chip integration of entangled light sources has enabled the increase of complexity and enhancement of stability compared to bulk optical implementations. Entanglement over different optical paths is uniquely suited for photonic chips, since waveguides are typically optimized for particular wavelength and polarization, making polarization-and frequencyentanglement less practical. In this review we focus on the latest developments in the field of on-chip nonlinear path-entangled photon sources. We provide a review of recent implementations and compare various approaches to tunability, including thermo-optical, electro-optical and all-optical tuning. We also discuss a range of important technical issues, in particular the on-chip separation of the pump and generated entangled photons. Finally, we review different quality control methods, including on-chip quantum tomography and recently discovered classical-quantum analogy that allows to characterize entangled photon sources by performing simple nonlinear measurements in the classical regime.
Introduction
Harnessing the unusual properties of quantum-entangled photonic systems facilitates the development of new technologies such as quantum computing [1] , quantum communication [2] , quantum-enhanced measurement [3] and quantum spectroscopy [4, 5] . Today the two most widely used approaches to generate quantum-entangled photons rely on nonlinear optical material response. Utilizing quadratic optical nonlinearity enables spontaneous parametric down-conversion (SPDC), a process in which a photon from a pump laser splits into two entangled photons traditionally named signal and idler [6, 7] . A similar process utilizing cubic nonlinear optical response called spontaneous four-wave mixing (SFWM) can destroy two pump laser photons to create a pair of entangled photons [7] . Both SPDC [8] and SFWM [9] can be employed for efficient squeezed light generation [10] above the pump power threshold, however in this review we focus on photon-pair generation below the threshold. In this case the efficiency of SPDC and SFWM has to be small to minimize the generation of higher photon number states, and is typically limited to about 10 −5 pairs per one pump photon [9, 11] , although it might be possible to increase it with multiplexing [12] . Despite relatively low efficiency, SPDC and SFWM offer near-unity indistinguishably and sub-GHz photon-pair rates [13] , which makes them very attractive for a range of quantum information applications.
On-chip quantum photonics is a promising platform for the realization of these functionalities in compact and robust circuits suitable for both research and user applications [14, 15] . Integrating optical elements onto a single chip reduces the contact with the environment, preserving the fidelity of the quantum entanglement by suppressing phase fluctuations and other sources of noise [16] . Integrated devices are also compact and stable, so they can be combined to build complex quantum circuits that would be impossibly large using traditional bulk optics. Furthermore, integration avoids the complexity of coupling quantum states from free space to micro-scale waveguides, and makes the system more suitable for a range of practical applications outside the laboratory environment. On-chip SPDC was realized in periodically poled Lithium Niobate (PPLN) waveguides [11, 17] and AlGaAs waveguides [18, 19] , while SFWM was demonstrated with silicon on insulator (SOI) [20, 21, 22] , chalcogenide glass [23, 24] and Hydex glass platforms [9] . The generation efficiency can be enhanced in ring resonators [9, 25, 26, 27, 28] and photonic-crystal waveguides based on slow light [29, 12, 30] . In the recent years many different kinds of entanglement have been demonstrated on a chip [31] , including time-bin [32] , time-energy [33] , spectral [34] and path [35, 36, 37, 38] entanglement.
The concept of path entanglement provides a natural representation of quantum bits and more complex states in on-chip architectures, where the photons can be 'spread out' between multiple waveguides [39] . Coupling between waveguides can then serve as beam splitters, allowing the construction of quantum logic gates [16, 40, 41, 42, 43] . A range of quantum algorithms have been experimentally demonstrated, such as Shor's factoring algorithm [44] , the integrated preparation and measurement of quantum states [45] , quantum walks of entangled photons [46] , Boson sampling [47, 48, 49, 50] , and quantum teleportation [51] . Whereas most often the circuits are designed for photons with a fixed polarization, manipulation of polarizationentangled photons was also realized [52] . Several experimental works also focused on fiber-integrated approach as an intermediate step between bulk implementation and full on-chip integration [53, 54] . Finally, we note a recent demonstration of on-chip highly efficient superconducting photon detectors [55] , and such technological advances open a way towards fully integrated quantum state measurement.
On-chip generation of path-entangled photons presents new challenges and opportunities associated with the spatial degree of freedom. In this paper, we present a review of the latest experimental demonstrations and theoretical proposals. In Sec. 2, we discuss the generation of path-entangled photons in coupled waveguides and approaches for all-optical tunability of the quantum states through shaping of the classical beam. Then in Sec. 3, we overview approaches of quantum state engineering through the modification of structural characteristics using thermal and electro-optic effects. In the following Sec. 4, we outline approaches for filtering out the strong pump from the generated few-photon states. We then discuss the methods of on-chip quantum state tomography (QST) in Sec. 5. We overview the application of classical nonlinear wave mixing for characterizing quantum performance of nonlinear chips, under realistic conditions including possible losses in Sec. 6. Finally, we present conclusions and outlook in Sec. 7.
Generation of path-entangled photons and all-optical tunability
Path entanglement (i.e. spatial entanglement) is intrinsically suitable for on-chip integration and is likely to play an important role in the future development of quantum optical technologies. In this approach multiple photon paths can be represented by different on-chip waveguides. The simplest system in which path-entangled photons can be generated is a coupler composed of two nonlinear waveguides.
In Ref. [38] , the authors demonstrate how the flexibility of coupled waveguide systems can be harnessed for precise control of the process of photon-pair generation, enabling an on-chip biphoton source with wide quantum state tunability. To experimentally demonstrate this concept, they use two identical parallel waveguides with evanescent mode coupling as shown in Fig. 1(a) , fabricated in LiNbO 3 , a material with high second-order nonlinearity. Two waveguides are sufficient to generate path-entangled Bell states (states with maximum entanglement) and demonstrate wide-range tunability. Photon pairs are generated by spontaneous parametric down-conversion [56] , where the properties of the generated pairs depend on the phase mismatch ∆β in the waveguides and on the pump. The signal and idler photons can be generated along the whole coupler, with probabilities of being generated at different points interfering between each other. The generated photons can also hop between the waveguides due to evanescent coupling with the coupling constant c, whereas the pump beams are confined to their excitation sites due to the strong confinement of the modes at pump wavelength [57] . Such a system has been shown to generate N00N states (a state which represents a superposition of N photons in mode a with zero photons in mode b, and vice verse) with N = 2 when pumped in one waveguide [58] . The coupler is driven by two classical pump beams, one coupled into each waveguide, with a variable phase difference ∆ϕ between them. Depending on the phase difference ∆ϕ and the phase mismatch ∆β various output states are possible [59] .
The system of two coupled waveguides has two eigenmodes, symmetric (even) and anti-symmetric (odd), which have a phase difference of 0 or π, respectively, between the fields in the two waveguides. These eigenmodes are schematically depicted in Fig. 1(b) . By changing the pump phase difference, the pump can be continuously tuned between these two modes. SPDC depends on both the overlap of the pump, signal, and idler modes and the phase mismatch ∆β, as schematically shown in Fig. 1(c) . A variety of quantum states can be generated within the two-dimensional parameter space defined by ∆β and ∆ϕ.
The output of the photon-pair source is characterized by correlation measurements over the two possible spatial positions of the photons. As shown in Fig. 1(d) the authors demonstrate output state tuning by changing the sample temperature for pump beams of equal phase. For a temperature of 370.6 • C, corresponding to a phase mismatch of ∆β = 0, strong anti-bunching (i.e. signal and idler photons exiting from opposite waveguides) is observed. With growing temperature and phase mismatch, an increasing amount of bunching (i.e. signal and idler photons exiting together from either waveguide) is measured, leading to a state with equal count numbers for all waveguide combinations and finally to dominant bunching. The authors mention that pure anti-bunching is difficult to achieve due to inhomogeneity of the sample. Steering of the generated photon pairs into just one waveguide occurs when the phase difference between two pump beams is ∆ϕ = −π/2, which is shown in Fig. 1(e) . Using pumps with ∆ϕ = ±π leads to complete bunching of the generated photons depicted in Fig. 1(f) . This output state corresponds to a 2-photon N00N-state, which is confirmed by full quantum state tomography [38] .
Since a simple system of two coupled nonlinear waveguides provides such a widely reconfigurable platform for on-chip path-entangled photon-pair generation, it is important to understand SPDC in a larger number of coupled waveguides. As was shown in Ref. [35] experimentally and analyzed in details in Refs. [60, 61, 62, 63, 64, 65] theoretically, in an array with a large number of waveguides, photon pairs are continuously generated along the pump waveguide, as schematically illustrated in Fig. 2(a) . While the pump beam stays in the input waveguide [66, 67] , the generated photon pairs having approximately two times larger wavelength can couple to neighboring waveguides and undergo a quantum walk [46] (a quantum analogue of classical random walks), which due to interplay with the generation mechanism shapes the correlations towards the output state. The cascade of quantum walks in a waveguide array driven be the interference between probabilities to generate photon pairs at the different positions in the structure can be represented as a multi-level graph schematically shown in Fig. 2(b) . Here, a linear quantum walk of the generated photon pair is visualized with a red two-dimensional (2D) grid, where n s and n i denote the positions of signal and idler photons. Each 2D grid represents a two-dimensional quantum walk, which is similar to the walks studied before in linear waveguide arrays [46] .
The results of spatio-spectrally resolved classical intensity measurements of the SPDC output in a LiNbO 3 waveguide array are depicted in Fig. 2 (c). They show one broad spectral maximum of the generated photon pairs around a wavelength of 2λ p = 1550.4 nm, very close to the wavelength of degenerate photon pairs which is 1550.5 nm. The resulting coincidence counts for the degenerate pairs are shown in Fig. 2(d) , demonstrating pronounced simulations spatial bunching and anti-bunching. For a shifted pump wavelength, the highest SPDC intensities are achieved for offset signal and idler wavelengths of 1450 nm and 1670 nm, indicating non-degenerate SPDC, shown in Fig. 2 (e). The results of correlation measurements for this pump wavelength and photon-pair wavelength filtering around the degenerate regime [gray shading in Fig. 2 (e)] are presented in Fig. 2 (f), again showing a dominating contribution from the {n 0 , n 0 } position corresponding to the pumped waveguide. However, in contrast to the case described above, no pronounced bunching and anti-bunching in other waveguides is observed. The theoretical analysis performed in Ref. [35] shows that the state with the correlations shown in Fig. 2 (d) incorporates large scale path entanglement. It is also important to mention that path-entangled biphoton generation in waveguide arrays is tolerant to significant losses, as completely destroying the entanglement requires losses to be strong enough to prevent the coupling between the waveguides [69] . Furthermore, the same system can also be used for spectral entanglement generation [70] .
These results demonstrate that an array of nonlinear coupled waveguides represents a very promising system for the generation of large-scale spatial entanglement with controllable spatial correlations. The next step in the evolution of the quantum optical sources based on the coupled nonlinear waveguides is tailoring their properties to generate arbitrary useful path-entangled states. In Ref. [68] the authors predict that a photonic chip consisting of an array of coupled nonlinear waveguides can be designed for all-optically controlled generation of any set of path-entangled biphoton states. This device is particularly elegant [45] , where the signal photon occupying waveguide 1(3) represents a logical 0(1) and similarly for the idler photon in waveguides 2 and 4 (from Ref. [68] ).
because the output quantum wavefunction is directly mapped from the amplitudes and phases of the classical laser inputs. Hence the device can be reconfigured in real time by varying classical inputs, providing a flexible interface between classical and quantum information. The device concept is demonstrated in Fig. 3(a) . The authors demonstrate that the nonlinear waveguide array could be tuned to produce custom and reconfigurable quantum states, which can be achieved through specially designed domain poling, as shown in Fig. 3(b) . To illustrate this general approach they design a four-waveguide device with poling to generate the set of two-photon Bell states as the outputs [ Fig. 3(c)-(f) ]. Ref. [68] also provides detailed analysis of the sensitivity of this approach to fabrication inaccuracies.
To summarize, coupled nonlinear waveguides can be used to generate photons with path entanglement and provide wide-range all-optical tunability of the generated states. The systems discussed above utilized LiNbO 3 waveguides with the length of several cm and the corresponding photon-pair generation efficiencies on the order of 10 −7 for sub-mW range continuous-wave pump. The photon-pair rates in the MHz range were limited by the coupling to the single-photon detectors and their speed and quantum efficiency [35, 38] . In the next section we focus on other ways of achieving photon-pair source tunability.
Electro-and thermo-optical tunability
In the previous section all-optical tunability of on-chip generated photon pairs was discussed. Alternative ways to tune the photon-pair correlations and entanglement are based on electro-optical and thermo-optical effects.
In Refs. [36] the authors present a photon-pair source with thermo-optical tunability based on SOI platform. The platform benefits from widespread use of silicon lithography and small footprint. The SOI Figure 4 : (a) Scheme of the device operation. A bright pump laser is coupled to the SOI chip using a lensed optical fiber and on-chip spot-size converters (not shown). The pump is distributed between two modes via a 2 x 2 MMI coupler (I), and excites the χ photonic device is presented in Fig. 4(a) . Inside the device there are two photon-pair sources, each of which comprises a spiral silicon waveguide 5.2 mm long optimized for the spontaneous four-wave mixing process [region II, Fig. 4(a) ]. SFWM creates a signal-idler photon pair by annihilating two photons from a bright pump beam (Fig. 4(b) ). Non-degenerate pairs are created by a single-wavelength pump, and degenerate pairs require a dual-wavelength scheme [71] . In this experiment, two amplified continuous-wave lasers produced the required pump field. Pump distribution and single-photon interference were achieved using 2 x 2 multimode interference (MMI) couplers, and a thermal phase shifter modified the on-chip quantum and bright-light states. Off-chip wavelength-division multiplexers (WDMs) were used to separate the signal, idler and pump channels before the photon pairs were finally measured by two superconducting single-photon detectors. Fig. 4(c) shows SOI waveguide cross-section, with the thermal phase shifter on top.
Evolution of the degenerate quantum states proceeded as follows [ Fig. 4(a) , regions I-IV]. The bright pump was split equally by the first MMI coupler (I) between the two sources (II). By operating in the weak pump regime (so that only one pair was likely to be generated), the simultaneous pumping of both sources yielded a path-entangled N00N state, (|2, 0 > −|0, 2 >)/ √ 2 . The relative phase was then dynamically controlled via a thermal phase shifter in one arm (III), which applied a φ shift to the bright-light pump and a 2φ shift to the entangled biphoton state, (|2, 0 > − exp [−2iφ]|0, 2 >)/ √ 2. Finally, the bright-light and biphoton states were interfered on a second MMI coupler (IV) to yield Mach-Zehnder interference fringes. The measurements for the photon-pair bunching rate and splitting rate are shown in Fig. 4(d) and Fig. 4(e) , respectively. For the bunching rate, an asymmetric behavior is observed. This can be explained by considering spurious SFWM pairs in the device's input and output (I/O) waveguides, identical in crosssection to the source waveguides [ Fig. 4(c) ].
The approach of thermal tuning was also applied to generate indistinguishable photons from two on-chip ring resonators, compensating for mismatch between the rings due to fabrication imperfections [72] . It was shown that such sources are suitable for creation of entangled qubits, as confirmed with on-chip tomography integrated on the same chip. The tomography circuit also employed thermo-optic elements to realize variable phase shifts. Electro-optical tunability presents another approach to tunable photon-pair sources, as suggested theoretically in Ref. [73] and demonstrated experimentally in Ref. [37] . Figure 5(a) shows the main structure of the chip. Basically, it is composed of annealed proton exchanged channel waveguides integrated on a Z-cut PPLN crystal. This design enables the generation, interference, and filtering of entangled photons from separate regions of PPLN waveguides, leading to reconfigurable on-chip quantum light sources. The chip can be characterized by three sections. Section I is designed to deal with the classical pump light. A 780 nm pump is coupled into waveguide L 0 and equally distributed by a Y-branch single mode beam splitter at the wavelength of 780 nm. After the Y branch, the electro-optic effect is used to control the phase shift between two paths. Electrodes are fabricated above two pump waveguides for applying a voltage. Transition tapers connect the 780 nm Y branch with the 1560 nm single mode waveguides. Section II is the PPLN region, in which degenerate photon pairs at 1560 nm are generated through SPDC indistinguishably from either one of the two PPLN waveguides, yielding a path-entangled state (|2, 0 > − exp [−2iφ]|0, 2 >)/ √ 2. The relative phase φ is transferred from the phase difference of pump modes. In section III, quantum interference is realized by a 2 x 2 directional coupler (C 1 ). The on-chip phase is adjusted by changing the voltage applied in section I. The entangled photons are separated from the pump by on-chip wavelength filters (C 2 ). Entangled photons are transferred to the neighboring waveguides R 1 and R 4 . The pump is left in R 2 and R 3 . The input waveguide L 0 and output waveguides R 1 and R 4 are directly connected with optical fiber tips, which are fixed with the chip by using UV-curing adhesive after reaching a high coupling efficiency. This removes the need for optimizing the coupling during the observation of quantum interference. As shown in Fig. 5(b) , the lithium niobate chip contains three main photonic circuits, and each one has a structure similar to Fig. 5(a) , the difference lying among three main circuits is the interaction lengths of C 1 and C 2 . Figure 5 (c) shows a photograph of the chip with fixed fiber pigtails. The experimental results of photon-pair generation and tuning presented in Ref. [37] closely resemble the degenerate case of the SOI chip discussed above [36] , see Fig. 4(d,e) .
To summarize, there are various on-chip platforms enabling the generation of photon pairs with tunable path entanglement. LiNbO 3 has high quadratic susceptibility, and allows efficient spontaneous parametric down-conversion with fast electro-optical control. SOI systems allow the generation of photon pairs based on spontaneous four-wave mixing with slightly slower but still effective thermo-optical tuning. In both thermo-optical [36] and electro-optical [37] cases a voltage of 2 to 4 V was required for noticeable phase shifts. Although the above papers did not discuss switching speed, typical integrated thermo-optical and electro-optical switching can reach GHz rates. Moreover, as was discussed in the previous section, utilizing waveguides that are coupled and generate photon pairs along the whole propagation, allows using all-optical tunability that is fast and provides a wide quantum state tuning range [35, 38] . In terms of comparing the figures of merit, the generation of tunable path-entangled photon pairs in LiNbO 3 waveguides achieved 10 −7 efficiency in cm-size footprint, while SOI platform reduced the footprint to sub 100 µm scale at the cost of decreasing the efficiency to 10 −12 photon pairs per pump photon and requiring a pulsed pump. However ultimately both SPDC-and SFWM-based approaches can demonstrate small footprint coupled with high efficiency, as was shown by a variety of on-chip systems not featuring path entanglement [9, 11, 19, 22] .
Pump filtering
In the previous sections we looked at the generation and tuning of path-entangled photon pairs on a chip. However before these biphotons can be measured in order to be used for various applications in quantum information, it is important to separate strong pump laser from the generated photons. There are multiple well-established ways to do it off the chip, mostly relying on spectral filtering using bulk optics [35, 38] and fibers [36] . However implementing pump filtering on a chip is more challenging and was only demonstrated recently.
Integrated photon-pair generation and pump filtering was demonstrated on a PPLN chip [37] which design was discussed in the previous section. The measured pump suppression was 29.2 dB for R 1 and 31.4 dB for R 4 ports where the photon pairs were collected as shown in Fig. 5(a) . However further suppression of the pump was required, which was performed by interference filters centered at 1560 nm inserted into the fiber delay lines.
In Ref. [26] the authors show the generation of quantum-correlated photon pairs combined with the spectral filtering of the pump field by more than 95 dB on a single silicon chip using electrically tunable ring resonators and passive Bragg reflectors. The source components are shown in Fig. 6(a) . Photon-pair generation takes place in an electrically tunable ring resonator via SFWM [74, 28, 25, 75] . A first stage of pump rejection by approximately 65 dB is achieved using a notch filter implemented by a 2.576-mmlong distributed Bragg reflector (DBR) consisting of a corrugated waveguide [76] . Signal and idler photon demultiplexing is performed using add-drop microring resonators. In an experiment performed on a single chip, two thermally tunable add-drop ring resonators are used to filter the remaining pump light, thereby totaling close to a 100-dB extinction ratio. At the output of the chip, the pump power is less than 1/10 of the combined signal and idler fields. In Ref. [77] cascaded lattice filters implemented on SOI platform were also able to provide over 100 dB pump extinction.
Another approach to on-chip pump filtering is based on photonic crystal structures. In Ref.
[78] the authors propose a photonic crystal coupled-cavity system designed such that the coupling of the pump mode to the output channel is strictly zero due to symmetry. They further analyze this effect in presence of disorder and find that suppression close to 40 dB can be achieved with state-of-the art fabrication. Due to the small mode volumes and high quality factors, the photonic crystal system is expected to have a generation efficiency much higher than in standard micro-ring systems. The proposed design is based on a photonic crystal made of a triangular lattice of circular holes in a silicon slab suspended in air [ Fig. 6(b) ]. The thickness is kept as a free parameter, but the design is such that for the standard thickness of 220 nm of the silicon slab, the operational wavelength is in the telecommunication window around 1550 nm. For the resonant four-wave mixing, three identical cavities are introduced, as shown by three white areas in the middle of Fig. 6(b) . The crucial observation that enables the pump filtering is based on the symmetry of Figure 6 : (a) Schematic layout of the photonic integrated circuit composed of a high-Q thermally tunable ring for efficient pair generation by spontaneous four-wave mixing, followed by a DBR for pump rejection and the add-drop ring-resonator filters for the demultiplexing of signal and idler photons (from Ref. [26] ). (b) The proposed photonic crystal device for resonant spontaneous four-wave mixing. Arrows denote input (left) and output (right) channels for the three-cavity system. The geometry ensures that no power is radiated into the output waveguide at the pump frequency (from Ref. [78] ). (c) Scheme of adiabatically coupled waveguiding structure: pump beams (green) are coupled to the central waveguides 3 and 4, and the Bell states (red) are formed in the edge waveguides 1 and 6 that are separate from the pumped waveguides (from Ref. [59] ).
the structure with respect to reflection in the xz-plane. The three modes supported by the structure have eigenvalues -1, 1, and -1 with respect to the xz-reflection operator. Based on these symmetries, the authors show that full filtering of the pump mode can be achieved when the output channel does not support modes of the corresponding symmetry.
The pump filtering methods discussed above require state-of-the art fabrication precision. Another approach significantly more robust to fabrication inaccuracies is based on adiabatic pump filtering. In Ref. [59] the authors present an integrated scheme for generation of Bell states, which allows simultaneous spatial filtering of pump photons. It is achieved through spontaneous parametric down-conversion in the system of nonlinear adiabatically coupled waveguides. Analytic study reveals the optimal conditions for the generation of each particular Bell state, and numerical simulations of the device under realistic assumptions show that adiabatic coupling allows spatially filtering of the pump from modal-entangled photon pairs. Fig. 6(c) illustrates the proposed structure consisting of two adiabatic couplers (waveguides 1,2,3 and 4,5,6), where generated photons can also couple between the central waveguides. By designing the coupling strength of the waveguides, the SPDC phase mismatch, and the pump amplitudes in the two central waveguides, different spatially entangled bi-photon states can be obtained, and the generated photon pairs exit through waveguides 1 and 6. At the same time, the pump remains localized in the central waveguides 3 and 4. To estimate the performance of a realistic structure, the numerical calculations were performed of the coupling strength depending on the wavelength and the separation distance between the waveguides with COMSOL Multiphysics using parameters obtained in experiment [79] . They confirm that the coupling for the proposed 6-waveguide structure can be achieved for biphotons with the wavelengths around 1550 nm, and the adiabatic coupling configuration can provide the pump filtering of 72 dB. It can be further improved to reach the values exceeding 100 dB by adding an extra set of adiabatic passages in a 10-waveguide configuration. Importantly, adiabatic coupling is tolerant to substantial fabrication errors and works in a very broad range of over 400 nm in the telecom band [80] . As long as higher order pump modes are excluded, the pump filtering based on adiabatic coupling presents a promising solution.
Overall, the approaches for integrated pump filtering can then enable on-chip generation and measurement of single photons. This would open new possibilities for device development with a variety of applications.
Quantum state tomography
In order to characterize the properties of an on-chip path-entangled photon source as well as to read out the results of quantum information experiments, a robust integrated approach to quantum state tomography in path basis is required. (from Ref. [45] ). (d) Diagram of a hybrid quantum walk for two-photon tomography. A linear optical transformation operates on a mixed two photon state, then correlations between the photons are measured. The measured spatial photon correlations at the output of a specially tailored discrete-continuous quantum-walk can enable full reconstruction of any two-photon spatially entangled and mixed state at the input. This approach does not require any tunable elements, so is well suited for integration with on-chip superconducting photon detectors. (e) Simulated correlation measurements at the output of the circuit. (f) Real and imaginary parts of the input density matrix, recovered using correlation measurements shown in (e) (from. Ref. [81] ).
In Ref. [45] , the authors report an integrated waveguide device that can prepare and completely characterize pure two-photon states with any amount of entanglement and arbitrary single-photon states with any amount of mixture. The device consists of a reconfigurable integrated quantum photonic circuit with eight voltage-controlled phase shifters. It was demonstrated that, for thousands of randomly chosen configurations, the device performs with high fidelity. Preparation of maximally and non-maximally entangled states, violation of a Bell-type inequality with a continuum of partially entangled states, and demonstration of the preparation of arbitrary one-qubit mixed states were reported. The device shown in Fig. 7(a) is a silica-on-silicon (SOI) entangling circuit. Two photonic qubits A and B are encoded in pairs of waveguidespath or dual-rail encoding. The two qubits are input in the logical zero state (that is, a single photon in each upper waveguide) and are then acted upon by the quantum circuit shown in Fig. 7(a) . The first part of this circuit enables arbitrary state preparation of each qubit. The central part of the circuit implements a maximally entangling post-selected controlled-NOT (CNOT) logic gate (the canonical two-qubit entangling gate). The CNOT gate is a post-selected linear optical gate that works with probability 1/9 [82] . The final stage of the circuit is the mirror image of the first stage and is followed by measurement in the computational basis, which together enables projective measurement of each qubit in an arbitrary basis. This final stage can be used in various circuits enabling full on-chip quantum tomography. As an example, Figs. 7(b,c) show the real parts of the reconstructed density matrices (i.e. complete quantum descriptions) of two different path-entangled Bell states.
Another approach does not require reconfigurable phase-shifters. In Ref. [81] the authors show that reconfiguring the measurement setup is actually not necessary for quantum state tomography. They establish that one specially chosen static measurement setting is sufficient to fully characterize unknown density matrices. This insight means that the usually complex and error sensitive tomography process is simplified and noise introduced when reconfiguring the measurement setup is avoided. The method is inspired by compressed sensing. Conventionally in compressed sensing it is assumed that a signal is sparse in some basis, and this knowledge allows reconstruction of the signal from fewer measurements. This can be exploited for fast tomography of near pure quantum states [83] and quantum process tomography [84] . In Ref. [81] the unknown input state is transformed to become sparse, and then a compressed sensing-like approach to tomography is used. This is achieved by applying a linear transformation to the system that maps it to an increased number of modes, thus turning it into a sparse system. Careful choice of this transformation allows imaging of the full complex-valued density matrix just from measuring one set of expectation values after the transformation. Thus the mixed quantum state can be fully characterized with a static measurement setup. A linear optical circuit implementing this scheme is shown in Fig. 7(d) . Here two input waveguides are split into an array of four, introducing sparsity. Following this, the four waveguides form a coupled waveguide array. This circuit allows quantum state tomography just by taking correlation measurements at the output. A simulated example of such correlation measurement Γ is shown in Fig. 7(e) . Using the algorithm detailed in Ref. [81] this correlation measurement allows the reconstruction of both real and imaginary parts of the input density matrixρ in as shown in Fig. 7(f) .
Characterization of states with more than two photons is important, but also more challenging and call for the development of new conceptual approaches. Recently, it was predicted that knowing that a quantum state is sparse can facilitate characterization of three-photon quantum states just by measuring two-photon coincidences [85] . Furthermore, coupled waveguide array platform was used to determine nonclassicality of multi-photon states [86] . However, full on-chip tomography with reconstruction of multiphoton entanglement remains an open problem.
Quantum-classical correspondence
Measuring density matrices through full quantum state tomography or even just performing photon correlation measurements is time consuming, since statistics from a large number of photon counts has to be accumulated. When a fabricated nonlinear photonic chip needs to be characterized quickly to assess the quality of the fabrication, the best way to do it is by using quantum-classical correspondence. It relies on the fact that the biphoton wave function for a quantum source is precisely the response function for a classical field generated by the same device and input field, with an appropriate additional input seed field [87] . It allows direct but slow coincidence-detection measurements of a spontaneous process to be supplanted by faster and more convenient optical power measurements of the corresponding classical process. This measurement technique has enabled previously unobtainable resolution in the spectral characterization of two-photon states from various waveguides including an AlGaAs ridge waveguide [88] and a silicon nano-waveguide [89] . It has also facilitated a simple and efficient polarization-density matrix reconstruction method [90] . It is shown in Refs. [91, 92] that a difference-frequency generation (DFG) experiment gives information about an SPDC experiment in the same device for arbitrary SPDC pump spectral width if losses are either small or approximately equal for all interacting fields. Alternatively, a sum-frequency generation (SFG) experiment gives useful information for arbitrary losses provided the interacting waves are quasi-continuous [see Fig. 8(a) ]. Systems with cubic nonlinear optical response rely on the correspondence between spontaneous and stimulated four-wave mixing [87, 89] . Figure 8 : (a) Sketch of connections between input fields (Gaussians) and generated fields (arrows) for various secondorder nonlinear optical processes (from Ref. [92] ). (b) Signal field intensity evolution along the coupled waveguides in a waveguide array in the process of DFG. The larger arrow points to the pumped waveguide, while the smaller arrow denotes the seeded waveguide. Measuring the signal outputs generated by all combinations of pump and idler inputs allows to predict SPDC (from Ref. [68] ).
In Ref. [68] this approach is extended to on-chip path entanglement. The authors show how to use classical DFG to determine the quantum wavefunction that would be produced by SPDC in an array of aperiodically poled waveguides. This approach requires inserting pump and idler fields in all combinations of waveguide inputs and measuring amplitudes and phases of the generated signal from all waveguide outputs [see Fig. 8(b) ]. In Ref. [93] the authors show that phase measurements are not required if DFG is replaced with SFG, which they confirm experimentally. Thus, classical nonlinear optical processes can be used to quickly and efficiently characterize on-chip integrated photon sources with path entanglement, even in the cases of inhomogeneous nonlinearity or the presence of losses [94] .
Outlook
Quantum information science and technology with photons will require circuits that are complex, stable and highly reconfigurable in a straightforward manner. High-fidelity production and measurement of states of arbitrary entanglement will be essential for the functioning of quantum devices, and will provide a reliable means with which to test the unique properties of quantum physics.
The inherent interferometric stability of integrated optics makes path-encoding of qubits a natural choice, while on-chip polarization encoding requires special designs [52, 95] . The path-encoding also enables efficient representation of higher-dimensional qudits [96] . This is in contrast with bulk optics, where two-level polarization encoding is more natural, and stable path encoding requires a considerable resource overhead [97] . Furthermore, path-entanglement could be used to enable encoding with multiple degrees of freedom combining path and polarization [98] . Time-bin entanglement [32] , time-energy entanglement [33] and spectral entanglement [34] present other promising approaches to on-chip integration of quantum optical sources, providing more degrees of freedom in which photons can be entangled. It would be of particular interest to expand the hybrid path-time entanglement studied in bulk [99] to integrated photonic chips.
In terms of platforms, path-entangled on-chip photon sources have mostly utilized SOI and LiNbO 3 waveguides so far. The recent demonstrations include photon sources with thermo-optical [36] , electrooptical [37] and all-optical [35, 38, 68] tunability, as well as means to filter out the pump [26, 78, 59] and characterize the performance using quantum [45, 81] and classical approaches [92, 88] . Other promising directions include utilizing AlGaAs, a material with high quadratic susceptibility and developing nano-fabrication capabilities [18, 19] , as well as replacing coupled waveguides with ring-or disk-resonators to reduce the footprint [72, 74, 28, 25, 75] . These approaches have demonstrated very efficient on-chip photonpair generation, and utilizing them for path entanglement is of significant interest.
